We consider the quantum spectral problem appearing the Fermi gas formulation of the ABJM (Aharony-Bergman-Jafferis-Maldacena) matrix model. This is known to related to the refined topological string on local P 1 × P 1 Calabi-Yau geometry. In the ABJM setting the problem is formulated by an integral equation, and is somewhat different from the one formulated directly in terms of the Calabi-Yau geometry and studied in our earlier paper. We use the similar method in our earlier paper to determine the non-perturbative contributions to the quantum phase volume in the ABJM case from the Bohr-Sommerfeld quantization condition. As in our earlier paper, the non-perturbative contributions contain higher order smooth corrections beyond those required by singularity cancellations with the perturbative contributions proposed by Kallen and Marino. Our results imply possible new contributions to the grand potential of the ABJM matrix model. *
Introduction
Non-perturbative effects are usually difficult to handle in quantum physics. The problem is better understood in quantum mechanics described by a non-relativistic particle moving in a one-dimensional potential. In the pioneering works [27] , Zinn-Justin calculated the multiinstanton contributions in quantum mechanics with various forms of potential, and also proposed a generalized Bohr-Sommerfeld quantization condition which can take into account all instanton contributions. For recent expositions see [28] . The generalized Bohr-Sommerfeld quantization conditions for these models are later understood in terms ofÉcalle's mathematical theory of resurgence [8, 26] .
In a earlier paper [18] , we consider a class of quantum spectral problems appearing in the studies of local Calabi-Yau geometries. Here the Hamiltonians are sums of exponential functions of the quantum position and momentum operators, thus has a somewhat different form from conventional non-relativistic quantum mechanics. The all-order perturbative contributions to the quantum phase volume can be summed up by the Nekrasov-Shatashvili limit of refined topological string amplitude [25, 1] . In the study of ABJM matrix model [4] , Kallen and Marino proposed a way to cancel the singularities in the perturbative quantum phase volume for certain values of the Planck constant, by using the ordinary topological string amplitude as the non-perturbative contributions [21] . In our earlier work [18] , we generalize the idea to general toric non-compact Calabi-Yau geometries and we also discovered some more smooth non-perturbative contributions beyond those in the Kallen-Marino singularity cancellation. In a different approach, the nonperturbative effects in topological strings are studied by the use of resurgent transseries [6] .
In this note we follow up on the earlier work and report some calculations regarding the ABJM matrix model, which provides the original motivation for the idea of singularity cancellation [21] . The ABJM matrix model is important for understanding non-perturbative effects of M-theory on AdS space. The partition function and grand potential have been studied extensively in the literature [11, 10, 12, 13, 5] , and are generalized to ABJ model [15, 20] and more cases in [24, 14] . It is realized that the model is closely related to the refined topological string on the local P 1 × P
1
Calabi-Yau geometry.
The classical geometry of local P 1 × P 1 model can be described by the curve e u + z 1 e −u + e v + z 2 e −v = 1, (
on (u, v) plane, as in [1, 21] . Here z 1 , z 2 are the complex structure modulus parameters of the geometry. To quantize this geometry, one just need to promote the classical coordinates u, v to quantum operatorsû,v and the curve (1.1) to quantum wave equation
with the following convention for the commutation relation
and is the Planck constant. In order to relate to the ABJM theory, we select the special case
where 5) with = 2πk. On the other hand, the spectral problem in the ABJM model can be formulated by an integral equation
The two formulations (1.2) and (1.6) are shown to be equivalent by a transformation in [21] . One can choose a special basis of wave functions, such that the resulting matrix of the kernel (1.7) is a Hankel matrix [12] . Due to the nice properties of the Hankel matrix, the eigenvalues can be calculated numerically to much higher precision than by using the harmonic oscillator basis in our previous paper [18] . We can also use the wave equation (1.2) to compute the deformed period and the Nekrasov-Shatashvili limit, which provides the perturbative contributions to the quantum phase volume.
In the rest of this paper, we will calculate the energy spectrum numerically and constrain the non-perturbative contributions to the quantum phase volume through Bohr-Sommerfeld quantization condition. By considering many different cases of , we find that there are indeed some higher order smooth non-perturbative corrections similar as in our earlier paper [18] .
The energy spectrum from Bohr-Sommerfeld quantization condition
The quantum deformed A-period was calculated in [1] , and reviewed in [18, 10] . Here we also review the method for convenience. The difference equation can be easily derived by represent the equation (1.2) in coordinate picture
and taking z 1 , z 2 as (1.4), we can reformulate the difference equation as
This equation is hard to solve, while for small z, this equation can be solved recursively as a power series of z. Up to order z 3 , the result is
3)
The quantum A-period is
with Π A (q 1/2 z, q −1/2 z; ) is given by the following residue
Where ± sign corresponds to the cases z 1 , z 2 , respectively. The perturbative and non-perturbative quantum phase volume are [21] vol p (E, ) =8E
where 8) and
is the refined Gopakumar-Vafa (GV) invariants with d 1 , d 2 denoting the degrees of the two P 1 's. To get high order volume, one must find the high degree of GV invariants. We can use the method in [19] . The topological string amplitude is
We can compute topological string amplitudes in A-model, and then compare the coefficient to
. However, a high degree computation will cost a lot of time. For a given degree d = d 1 + d 2 , the value of 2j L or 2j R has a maximum [10, 22, 17] , and (2j L + 2j R ) is odd [10] . This, to a great extent, reduce the number of unknown N
. We can substitute q, t with some arbitrary fractional numbers, and then solve the linear equations with respect to N
. This method help us find the higher GV invariants up to d = 14. The GV invariants up to some low degrees have already been calculated in [19, 16, 22, 2] , and we list them in table 7. The higher order results are very lengthy and not be listed here. Note that the non-perturbative volume (2.7), which stands for the instanton effects, is different from the result in [21] with some possible new higher order corrections denoted by · · · . We suspect that there may be some new higher order non-perturbative contributions, which is first uncovered in [18] for local P 2 , F 1 model and another special case of local P 1 × P 1 model. In [21] , the authors have already studied the cases = 2π, 4π, where the analytical results agree with the numerical results very well. Here, we will consider a lot of different values for to fix the possible corrections.
The total quantum phase volume is then easily given by
where the singularities from perturbative and non-perturbative contributions cancel each other exactly and the · · · should not offer new poles. This can be proved by expanding the perturbative and non-perturbative contributions around the poles and using the fact
from a geometric argument explained in [10] . So we get a well-defined total quantum phase volume. To confirm that the possible corrections to the non-perturbative volume, we first neglect them and study the volume for some values of , i.e. = 6π, 8π, 10π. At these points, the total quantum phase volume, up to first few orders, are
E ), (2.14)
By using Bohr-Sommerfeld quantization condition,
we can then approximately give the energy spectrum in large E expansion. The zero order energy E (n) 0
can be solved by neglecting all the exponential contributions and is given by
If is not too large such that e −2E 0 , e − 8πE 0 ≪ 1, then the leading order energy is already a good approximation. In this case, we can reasonably assume that the energy spectrum can be expanded according to the form of volume as
with the coefficients will be determined by using Bohr-Sommerfeld quantization condition order by order. Finally, we get the results for = 6π, 8π, 10π, up to the first few orders,
We denote this method of solving eq.(2.15) as BS method-1 and give the energy spectrum for the first two quantum levels n = 0, 1 in the tables 1. Where we have taken the GV invariants to degree d = 14. The results are up to the highest order that the volume can take for the limited degree of GV invariants. We denote these results as original results-1. What needs to be emphasized is that we have not considered the possible corrections in (2.7) by now.
If is large such that the right hand side of (2.16) tends to zero, this BS method-1 would break down for the not too small e −E 0 . Especially when > 4( √ 36n 2 + 36n + 11 + 6n + 3)π, the zero order energy wouldn't exist. Then the leading order energy would be given by including the lowest order of exponential contribution and the equation (2.15) can only be solved numerically. In this case, we expand the volume up to some order based on the degree of the GV invariants, and then directly approximately solve the equation (2.15) by using the language 'FindRoot' of Wolfram mathematica software. For the sake of convenience, we denote this kind of numerical method as BS method-2. We list the correspondent solutions of eq.(2.15) order by order in table 2 to compare with the results of BS method-1. Here we also take the GV invariants to degree d = 14 and the results are up to the highest order that the volume can be given for the limited degree of GV invariants. We denote these results as original results-2 and we still have not considered the possible corrections in (2.7). Now, we have already obtained the energy spectrum of local P 1 ×P 1 model for = 6π, 8π, 10π, through solving the Bohr-Sommerfeld quantization condition (2.15). In the next part, we will give an infinite dimensional Hankel matrix M, and the corresponding spectrum problem is equivalent to the integral equation (1.6). We will take its solutions as the numerical results, and by comparing them with the original results-1,2, we can confirm whether the structure of the quantum phase volumes (2.6)(2.7) is correct.
Numerical results and corrections
The eigenvalue equation (1.6) in ABJM theory, which is equivalent to the local P 1 × P 1 model (1.2), as we have already mentioned, is also equivalent to the eigenvalue equation for an infinite The energy E (n) from the large E expansion by using Bohr-Sommerfeld quantization condition (BS method-1), for the first two quantum levels n = 0, 1, for the cases of = 6π, 8π, 10π. Here we have taken the GV invariants to degree d = 14. The results are up to the highest order that the volume can be given for the limited degree of GV invariants. We denote these results as original results-1, which means that the possible corrections in (2.7) have not considered by now. We underline the digits that match with numerical results. same as above same as above 2.881815429910733 same as above e Table 2: The energy E (n) from the large E expansion by using Bohr-Sommerfeld quantization condition (BS method-2), for the first two quantum levels n = 0, 1, for the cases of = 6π, 8π, 10π. Here we have taken the GV invariants to degree d = 14. The results are up to the highest order that the volume can be given for the limited degree of GV invariants. We denote these results as original results-2, which means that the possible corrections in (2.7) have not considered by now. We underline the digits that match with numerical results.
dimensional Hankel matrix M with the matrix elements given by [11] M nm = 1 8πk
where T k (x) is the k-th Chebyshev polynomial of the first kind. Note that if n + m is odd, M nm will be zero because of the odd integrand. For k = 1, 2 cases, M nm has exact expression and can be found in [11] . For k = 1,
where C n is the Catalan number
where ψ(x) = Γ ′ (x)/Γ(x) is the digamma function. Through solving the eigenvalues of these two Hankel matrices, we can compare the energy spectrum of the integral equation (1.6) in ABJM theory and the energy spectrum from local
2) that is computed by using Bohr-Sommerfeld quantization condition for k = 1, 2. It turns that they agree with each other very well and can be found in [21] .
It is hard to get M nm exactly when k takes other values. So we compute the integral (3.1) numerically, and take high dimensional Hankel matrix to find the approximate eigenvalues. The results for k = 3, 4, 5 or = 6π, 8π, 10π are listed in table 3. From these tables, we find that the energy of the ground state converges better than the first excited state. We also find that the eigenvalues of Hankel matrix converge very fast for large k. For k = 5( = 10π) as example, the convergence is already very good when the matrix dimension is 1000. While the most important discovery is that, by comparing tables 1 with tables 3, or tables 2 with tables 3, the energy spectrum of the integral equation (1.6) does not match well with the Bohr-Sommerfeld quantization method for k = 3, 5( = 6π, 10π), although the energy spectrum of k = 4( = 8π) still match very well in the two sides. This means that the quantum phase volume needs to be revised and there exist higher order corrections.
To find the revised phase volume, We can take different values of and compare the correspondent results to find the higher order corrections. In [18] , the authors guessed some corrections to the non-perturbative phase volume for local P 2 , F 1 model and another special case of local P 1 × P 1 model. At there, the authors took z 1 = z 2 = z = e −2E for local P 1 × P 1 model. In this paper, we have taken the values of z 1 , z 2 as (1.4). However, this could only change the perturbative parts of the volumes of the two cases. The non-perturbative parts should be same. So we directly use the results in [18] and give the modified non-perturbative quantum phase volume, after some changes The energy E (n) from the Hankel matrix, for the first two quantum levels n = 0, 1, for the cases of = 6π, 8π, 10π. The leftmost column stand for the dimensions of Hankel matrix. These finite dimensions can already approximately give the eigenvalues of the integral equation (1.6). We underline the digits that is same with last row.
of sign for the different conventions, as
with the following coefficients
It can easily be proved that there is no singularity in the higher order corrections, as the selfconsistency requires. In the below, we will use this up to sixth order corrected non-perturbative phase volume to calculate the revised energy spectrum. We first calculate the revised energy spectrum for k = 3, 5( = 6π, 10π). The method is similar as before and the results are given in table 4, denoted as revised results-1,2, corresponding to the results solved from BS method-1,2 respectively. Here the GV invariants also are taken to degree 14 and the results are up to the highest order that the volume can be given for the limited degree of GV invariants. We can find the revised results-1,2 match better with numerical results than the original results-1,2, although the ground state energy of k = 5 case is only refined a little. Note that the corrections will not change the k = 4( = 8π) energy spectrum, which can be found directly from (3.5) because of the vanishing of c 4 , c 5 , c 6 corrected terms for k = 4( = 8π). Of course, this is a necessary condition, Table 4 : The revised energy spectrum. The leftmost column labels the different methods of getting the energy spectrum. The GV invariants are still taken to degree 14 and all these results are gotten from the highest order volume that given by the finite degree GV invariants. Table 5 : The revised first excited energy spectrum. The leftmost column labels the different methods of getting the energy spectrum. The GV invariants are still taken to degree 14 and all these results are gotten from the highest order volume that given by the finite degree GV invariants. All the numerical results come from 2500 × 2500 Hankel matrix.
since the original results-1,2 of k = 4( = 8π) case agree with numerical results very well. For k takes other integral values, i.e. k = 6, 7, 8, 9, the convergence of the ground state energy is so bad that we will not consider it. We give the first excited energy spectrum for these cases in table 5. We can find that the revised energy spectrum are also better than the original results in various degree.
In order to precisely check the corrections, we need different cases of or k. If is too small, then E 0 is also too small. The non-perturbative contributions are very small and can be ignored. Besides, the volume will converge slowly for small e −E 0 or e −E such that we have to calculate the GV invariants to high degrees and the eigenvalues for Hankel matrix also converge too slowly which force us to take very high matrix dimensions. While if is very large, we also need very high GV invariants for non-perturbative part. Because we have to take the same order for perturbative part and non-perturbative part to cancel singularities. Finally, we find the best range is 6π 10π.
1 Taking the corrections (3.5) into account, we give the revised results for some cases of in tables 6. Here, we still take the GV invariants to degree 14 and the results are up to the highest order that the volume can be given for the limited degree of GV invariants. From these tables, we can find that the revised results are close to the numerical results much more. So the assumption (3.5) is reasonable.
In [21] , the authors did not consider the corrections (3.5) and gave the energy spectrum for k = 1, 2( = 2π, 4π), which seems have no contradictions. While we find here that the reasons for the disappearance of the corrections for k = 1, 2( = 2π, 4π) is not that there are no corrections, but that the corrections happen to be zero for k = 1, 2( = 2π, 4π) and can easily be found in (3.5). If we think over other cases k or , like the cases we take in this paper, we find that we have to take the corrections into account. Otherwise, the energy spectrum of the integral equation (1.6) in ABJM theory will not match the energy spectrum from local P 1 × P 1 model (1.2) computed by using Bohr-Sommerfeld quantization condition.
Conclusion
We discuss the implications of our results. The grand potential of the ABJM theory has been studied extensively in the literature, in e.g. [23, 11, 10, 21, 12, 13, 7, 5, 15] , and can be expressed in terms of the quantum spectrum of the ABJM theory defined by the integral equation (1.6) as
The grand potential consists of the perturbative contributions, worldsheet instanton and membrane instanton contributions. In particular, the worldsheet instanton contributions are of integer powers of e − µ k and can be derived from the strong coupling limit of the t'Hooft expansion of the ABJM matrix model.
The connection with the local P 1 × P 1 geometry first appeared in the work [3] , where it is shown that the weak coupling t'Hooft expansion of the Chern-Simons matrix model on lens space is equivalent to the expansion of topological string amplitudes near an orbifold point. Here the Chern-Simons matrix model on lens space is basically equivalent to the ABJM matrix model by an analytic continuation of the rank of the matrix to negative value. One can solve the higher genus topological string amplitudes using the B-model method of holomorphic anomaly equation and boundary conditions near special points, see e.g. [9] . With the exact higher genus formulae for free energy and partition function, one can then make a strong coupling expansion for the t'Hooft coupling constant [7] . It was then shown that the integral transformation from the partition function to the grand potential gives rise to the usual large volume expansion of the topological free energy in terms of Gopakumar-Vafa invariants [12] .
The grand potential is related to the quantum phase volume studied in this note through a Mellin transform [21] . If our calculations are correct, then the world-sheet instanton contributions to the grand potential has more corrections than those from the ordinary topological free energy. Since our extra contributions are non-singular and first appear at the 4th order, the implied correction to the strong t'Hooft coupling expansion of the matrix model free energy should appear first at genus one and the 4th instanton. On the other hand, we find no problem in the beautiful arguments and calculations [7, 12, 21] which lead to the proposal of non-perturbative phase volume for the quantum spectral problem (1.6). In particular, the checks between the worldsheet instanton contributions for the ABJM grand potential and the strong t'Hooft coupling expansion of the matrix model free energy were performed to at least genus one and the 4th instanton in [12] . Thus our extra contributions seems quite puzzling.
A possible explanation of our extra contributions may come from some subtleties of the extrapolation from weak to strong t'Hooft coupling in the matrix model. Here the B-model higher Table 6 : The revised energy spectrum. The leftmost column labels the different methods of getting the energy spectrum. The GV invariants are still taken to degree 14 and all these results are gotten from the highest order volume that given by the finite degree GV invariants. All the numerical results come from 2500 × 2500 Hankel matrix. genus formulae are valid for the complex structure parameters over the entire complex plane. However, the matrix model t'Hooft coupling constant is only a local flat coordinate for expansion near the orbifold point of the P 1 ×P 1 geometry, defined by the corresponding mirror map with the complex structure parameters. Even though the exact higher genus formulae around the orbifold point agree with the matrix model at weak t'Hooft coupling, its naive expansion around large t'Hooft coupling may still miss some contributions in the matrix model. For example, it is known that in quantum mechanics the same perturbative series can indeed give rise to distinct energy levels due to instanton effects [28] . More studies are needed to clarify this subtle issue.
In [20] , the author generalized the spectral problem of ABJM theory to the spectral problem of ABJ theory, and solve the spectrum by using the similar method as in [21] . If the higher order smooth corrections to the non-perturbative contributions do exist, then the spectrum given in [20] may also need to be revised.
